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OVERVIEW

o journey since DD21
o emphasis on usability and interoperability
o some current challenges
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o global linear system Ax = b € K"
o 2-way surjection of [1; n] ~ restriction operators

N=2 Q
Magw = > RI(RAR])TR; 2,
=1

N=2
Meas = > RI(RAR) 'R,
=1

[Schwarz 1870] [Cai and Sarkis 1999]
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— no guaranteed scalability for large subdomain counts
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GenEO in a nutshell [Spillane et al. 2013]
o solve concurrently NiA, = ARIARTA,
define locally W; = [/\1 /\%}

(@)

(@)

use Z = [I?IW1 RLWN} to compute Ac = ZTAZ

o coarse correction M_j ... = ZAc'Z" + Mygy,

How to choose N;?
o unassembled matrices
o local SPSD splitting [Al Daas and Grigori 2019]



COARSE CORRECTION

GenEO in a nutshell [Spillane et al. 2013]
o solve concurrently NiA, = A\eRIARTA
define locally W; = [/\1 /\%}

(@)

o

use Z = [RIM FQLWN} to compute Ac = ZTAZ
o coarse correction M. = ZA: 'Z" + My,

How to choose v and {Aj}j— .7

o aggressive coarsening

o capturing the “difficulties” of A

o at a moderate cost



HPDDM

o implementation of the required machinery for GenEO
o initially interfaced in FreeFEM [Jolivet et al. 2013]

o applicability of the library for:
e dealing with systems with multiple right-hand sides
[Jolivet and Tournier 2016] (also B. Martin@MS01)
e optimized Schwarz methods [Haferssas et al. 2017]
e preconditioning hierarchical matrices [Marchand
et al. 2020] (also P. Marchand@MS14)



INTEGRATION IN PETSC [JOLIVET ET AL. 2021]

Application Codes Higher-Level Libraries and Frameworks
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WHY PETSC?

o easier comparison with the state-of-the-art
o large user-base (and potential HPDDM users)
o leverage PETSc and SLEPc infrastructures

o Stefano Zampini was very pressing (at DD24 and SIAM CSE19)
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SELECTED OVERVIEW OF THE API

o PCHPDDMSetAuxiliaryMat()
e LHS of local GEVP (Neumann matrices)
o PCHPDDMSetRHSMat()
e RHS of local GEVP (computed automatically)
e different coarse spaces for Helmholtz [Bootland
et al. 2021]
o PCHPDDMSetDeflationMat()
e supply the local matrices W; directly (no GEVP)
o PCHPDDMSetCoarseCorrectionType(), Q = ZAZ'Z"
M;(;ditive = Q + M:1
Mgglanced =Q+ (I - AQ)TM:1(I - AO)

Magﬂated =Q+ Mj(l - AO)
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BACK TO GENEO

o one does not know ~; a priori
o needed by most generalized eigensolver
o threshold criterion 7 instead for low eigenmodes

Inertia

o compute the inertia of N; — TRAR!
o precisely ~;
o bound on the condition number of M—'A

Custom stopping criterion

o provide an upper-bound for ~;
o SLEPc will automatically stop iterating when \; > 7



APPLICATION TO SOLID MECHANICS...

o thermo-elasticity at EDF
o code_aster discretization - “legacy” code (N. Tardieu@MSH]I)

- with ghost elements
o 68M d.o.f, 1.2k MPI processes
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APPLICATION TO SOLID MECHANICS...

thermo-elasticity at EDF
code_aster discretization - “legacy” code (N. Tardieu@MSH]I)

- with ghost elements
68M d.o.f, 1.2k MPI processes

1.0007 GC and 1.002 OC (1 min setup, 20 sec solve)
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...AND TO FLOW IN POROUS MEDIA [JOLIVET ET AL. 2025]

o lowest-order Raviart-Thomas for Darcy’s law
o discrete fracture matrix model from Inria SERENA
o 140M d.o.f, 4k MPI processes
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...AND TO FLOW IN POROUS MEDIA [JOLIVET ET AL. 2025]

lowest-order Raviart-Thomas for Darcy’s law

@)

discrete fracture matrix model from Inria SERENA
140M d.o.f, 4k MPI processes
1.002 GC and 1.2 OC (80 sec setup, 20 sec solve)
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ALGEBRAIC PRECONDITIONING

o unassembled local matrices and ghost elements
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ALGEBRAIC PRECONDITIONING

o unassembled local matrices and ghost elements

o sparse least-squares
e LSQR [Paige and Saunders 1982]
e normal equations — preconditioner for ATA

o general sparse problems
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o (incomplete) Cholesky
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PRECONDITIONING ATA

o AMG
o (incomplete) Cholesky
o domain decomposition

subdomain #3 + one overlap layer

N=4
Mias = Z RI(RATARI) 'R Cholesky decompositions
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PRECONDITIONING ATA

o AMG
o (incomplete) Cholesky
o domain decomposition

subdomain #3 + one overlap layer
N=4
Mras = Z RI(RATAR)'R; QR decompositions

i 14
=1



SPSD SPLITTING

zero rows on the overlap that are zero in the subdomain
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SPSD SPLITTING

zero rows on the overlap that are zero in the subdomain

ATARTA,
o stable decomposition [Al Daas et al. 2022]

I

kR

o solve concurrently NTN;A
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NUMERICAL RESULTS ON 256 PROCESSES

Identifier Midances  BOOMErAMG  GAMG
mesh_deform 13 35
Eternityll_E 43 63
lp_stocfor3 34 513
deltaX 23 784
sc205-2r 54 195
stormg2-125 42

Ruccil 21 118 364
image_interp 11 40 203
mk13-b5 19 11

pds-100 18 16 35
fome21 20 16 20
sgpf5y6 224 163
Hardesty2 30 88 404
Delor338K 10

watson_2 15 64
LargeRegFile 41 19

cont11_l 30 53 723 16




ADAPTIVE PRECONDITIONING

watson_2 from the SSMC on 256 processes
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GENERAL SPARSE PROBLEMS [AL DAAS ET AL. 2025]

o ¢ (resp. 1) layers of overlap (resp. oversampling)
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GENERAL SPARSE PROBLEMS [AL DAAS ET AL. 2025]

o ¢ (resp. 1) layers of overlap (resp. oversampling)

A ALl O, 5.4l
RiAR = Aji= | Ariisli Arisling  ATislise
O|r/ 541l Ar/',5+17r/',1:67 Ari,6+1:ri,6+1

o local harmonic projection

1
I_l'_ A ,qéQ,qu l151r/"5+'\ O I
I | ITisal, 15| T 544l

ITi 541l

o for SPD A: eigenvalue problem ATA;Miw = Mw (i)
o otherwise: singular value problem Afu = o%u  (ii)



DECAY OF EIGENVALUES/SINGULAR VALUES

Poisson Stokes
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APPLICATION TO LINEARIZED R13 EQUATIONS

o discretization in FENniCS [Theisen and Torrilhon 2021]
o monolithic algebraic preconditioning
o 16M d.o.f, 1024 MPI processes

‘ T T T T T T
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SADDLE-POINT SYSTEMS [NATAF AND TOURNIER 2022]

o -pc_fieldsplit_schur_fact_type full
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o -pc_fieldsplit_schur_fact_type full
A — AOO A01
A‘IO Aﬂ

A—1 — U—'ID—'IL—'I _ I _A(;O1AO1 A(;()] 0 I 0
0 I 0 S [—ApAy, |

o setup HPDDM on the top-left block: Ayy ~ M
o approximate S~ S = Ay — A10Moo additiveA01
o write g = S — A1pQooApr and build Mz !

11,balanced

00,additive

for St
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SADDLE-POINT SYSTEMS [NATAF AND TOURNIER 2022]

o -pc_fieldsplit_schur_fact_type full
A — AOO A01
A‘IO Aﬂ

A—1 — U—'ID—'IL—'I _ I _A(;O1AO1 A(;()] 0 I 0
0 I 0 S [—ApAy, |

o setup HPDDM on the top-left block: Ayy ~ M
o approximate S = S = A — A10Moo additiveA01

o write § = Sy — ApQooAor and build My eq TOr Sy
o solve inner systems with | — M\ A10QooAoy

00,additive

21



APPLICATION TO FLUID DYNAMICS

o Oseen equations: —pV - Vu = —Vp + pAu
-V-u=20

o solution in a perforated domain from CEA

o 107"° outer tolerance, 100M d.o.f, 1k MPI processes
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o solution in a perforated domain from CEA

o 107"° outer tolerance, 100M d.o.f, 1k MPI processes

=01 \ outer solves Ay solves S solves
GenEO 5 50 8
harmonic ‘ 5 22 7

5x 1074 \ outer solves Ay solves S solves
GenEO T T T
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APPLICATION TO FLUID DYNAMICS

o Oseen equations: —pV - Vu = —Vp + pAu
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o 107"° outer tolerance, 100M d.o.f, 1k MPI processes
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SOME CURRENT CHALLENGES...

o other types of saddle-point systems
e different discretization
e contact mechanics
e casting S as a least-square problem

S ~ Arodiag(Agy)  diag(Aoo) Ao
o matrix-free (C. Guillet@MS16)
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...LOWER-PRECISION FACTORIZATIONS...

o impact of mixed-precision (F. Nataf@MS21)
1. subdomain solvers
2. coarse solver
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...LOWER-PRECISION FACTORIZATIONS...

o impact of mixed-precision (F. Nataf@MS21)
1. subdomain solvers
2. coarse solver

o DFM model from Inria SERENA
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...MORE EFFICIENT MULTILEVEL

.....

fine-level decomposition ‘
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...MORE EFFICIENT MULTILEVEL

fine-level decomposition ‘

second-level rank aggregation
AQ) =z () Z() Z
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FINAL WORDS

crucial link between discretization and preconditioning

(0]

O

but not always possible

@)

leverage the flexibility of algebraic backbone

(@]

our goal is not to overwhelm you with choices

Thank you!
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